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Certain ecosystems (plants, bacteria...) are very high-dimensional: they are made of a huge number N
of species which coexist in the same spatial region, interacting with each others. The interactions between
all the possible pairs (or groups) of species are in general difficult to measure and to infer: in a statistical
physics approach, one can model the interaction couplings with random variables, introducing an ensemble
of ecosystems to be studied statistically [1]. In this setting, the problem can be treated with techniques of
the statistical physics of disordered systems.
A very well-studied model to describe species-rich, well-mixed ecosystems are the generalized Lotka-Volterra
equations. We let i = 1, · · · , N label each possible species, and ni(t) denote the number of individuals of
species i that is present at time t in a given realization of the ecosystems. This number evolves as:

dni(t)
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where κi, aij are random variables with Gaussian statistics, and N ≫ 1 (see [2] for a review). For certain
values of parameters (in particular, when the variance controlling the fluctuations of the aij is large), these
dynamical equations admit an extremely large number of equilibrium configurations, i.e. of high-dimensional
vectors n∗ = (n∗

1, · · · , n∗
N ) such that
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∣∣
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 = 0. (2)

In order to understand the dynamics of the system at large time scales, an important question to address is
how many are these equilibria, and what are their properties (in particular, how are equilibria distributed
in terms of their diversity, i.e. the fraction of species for which n∗

i > 0).
This study of equilibria can be addressed using a combination of tools of the statistical physics of disordered
systems, such as the replica formalism and random matrix theory. In particular, the typical number of
equilibria at a given diversity can be computed in the limit of large N , by solving a family of coupled
self-consistent equations. These equations have been derived in [3, 4], and solved in the particular limit of
uncorrelated couplings aij . The goal of this project is to extend the solution to a whole regime of parameters
controlling the statistical properties of the interactions aij between the species. This involves some analytical
work (understand the main steps in the derivation of the equations) as well as some numerical work (obtain
numerically the solutions for different values of parameters, deriving a phase diagram).

References

[1] R. M. May, ”Will a large complex system be stable?.” Nature 238.5364 (1972): 413-414.

[2] Akjouj, Imane, et al. ”Complex systems in Ecology: A guided tour with large Lotka-Volterra models
and random matrices.” arXiv preprint arXiv:2212.06136 (2022).

[3] V. Ros, F. Roy, G. Biroli, G. Bunin, A.M. Turner, ”Generalized Lotka-Volterra Equations with Random,
Nonreciprocal Interactions: The Typical Number of Equilibria”, Physical Review Letters 130 (25),
257401.

[4] V. Ros, F. Roy, G. Biroli, G. Bunin, ”Quenched complexity of equilibria for asymmetric Generalized
Lotka-Volterra equations”, Journal of Physics A: Mathematical and Theoretical (2023).

1


